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Quantum field theory of a damped vibrating string as the simplest dissipative scalar
field is investigated by it’s coupling to an infinite number of Klein—-Gordon fields
as the environment by introducing a minimal coupling method. Heisenberg equation
containing a dissipative term proportional to the velocity is obtained for a special
choice of coupling function and quantum dynamics for such a dissipative system is
investigated. Some kinematical relations is calculated by tracing out the environment
degrees of freedom. The rate of energy flowing between the system and it’s environment
is obtained.

KEY WORDS: minimal coupling method; dissipative scalar field theory; coupling
function.

1. INTRODUCTION

In classical mechanics dissipation can be taken into account by introducing a
velocity dependent damping term into the equation of motion. Such an approach is
no longer possible in quantum mechanics where a time-independent Hamiltonian
implies energy conservation and accordingly we can not find a unitary time evo-
lution operator for both states and observable quantities consistently.

To investigate the quantum mechanical description of dissipative systems,
there are some treatments, one can consider the interaction between two systems
via an irreversible energy flow (Haken, 1975; Nicolis and Prigogine, 1977), or take
a phenomenological treatment for a time dependent Hamiltonian which describes
damped oscillations, here we can refer the interested reader to Caldirola—Kanai
Hamiltonian for a damped harmonic oscillator (Caldirola, 1941).

p’ 1
H(t) = e*Zﬂf% + ez’stzmwzqz (1)
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There are significant difficulties about the quantum mechanical solutions of
the Caldirola—Kanai Hamiltonian, for example quantizing with this Hamiltonian
violates the uncertainty relations or canonical commutation rules (Svinin, 1972)
and the uncertainty relations vanish as time tends to infinity.

In 1931, Bateman (1931) presented the mirror-image Hamiltonian which
consists of mirror Hamiltonians, one of them represents the main one-dimensional
damped harmonic oscillator. Energy dissipated by the main oscillator completely
will be absorbed by the other oscillator and thus the energy of the total system is
conserved. Bateman hamiltonian is given by

= 2
H=LP 4 P apy+ (k- ) as, @
m 2m 4m
with the corresponding Lagrangian
L = mxx + g(xf — xx) — kxx, 3)
canonical momenta for this dual system can be obtained from this Lagrangian as
oL . B aL B
= — = X — — _’ D — _— = X —X, 4
)4 P mx 2x p Y mx + 2x “)
dynamical variables x, p and p, X should satisfy the commutation relations
[x, pl =1, [x, pl=1i, ®)

however, the time-dependent uncertainty products obtained in this way, vanishes
as time tends to infinity.

Caldirola (1941, 1983) developed a generalized quantum theory of a linear
dissipative system in 1941: equation of motion of a single particle subjected to a
generalized non conservative force Q can be written as

d (0T or 9V + 0 ©)
dait\og ) aq = ogq 1
where Q, = —ﬂ(t)g—; = —B() Za,jq,-, and a,;’s are some constants, changing
the variable 7 to t* using the following nonlinear transformation
=), dt =¢@)dr*, () = el PO (7)
and from the definitions
dq oL*
'*:—, L*ZL ,.*,t*, = 5 8
== (q.9%.1"), p PYE (®)

the Lagragian equations (6) can be obtained from

d (oL* aL*
— =) =0, ®)
dr* \ 9g* aq
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Canonical commutation rule and Schrodinger equation in this formalism are

oY
’ ¥ = .’ H* =i ’
lg. p"]1 =1 ¥ Lo

where H* = ) p*¢* — L*. But unfortunately uncertainty relations vanish as time
goes to infinity.

Perhaps one of the effective approaches in quantum mechanics of dissipative
systems is the idea of considering an environment coupled to the main system and
doing calculations for the total system but at last for obtaining observables related
to the main system, the environment degrees of freedom must be eliminated. The
interested reader is referred to the Caldeira—Legget model (Caldeira and Legget,
1981, 1983). In this model the dissipative system is coupled with an environment
made by a collection of N harmonic oscillators with masses m, and frequencies
wy, the interaction term in Hamiltonian is as follows

N N C2
H/=—chnx,,+qZZ z (11)
n=1

(10)

o 2myw?’
where ¢ and x, denote coordinates of system and environment respectively and
the constants ¢, are called coupling constants.

The above coupling is not suitable for dissipative systems containing a dis-
sipation term proportional to velocity. In fact with above coupling we can not
obtain Heisenberg equation like § + w?q + B¢ = &(t) for a damped harmonic os-
cillator consistently and we can not study dissipative quantum fields, for example,
a dissipative vibrating medium with this model. In this paper we generalize the
Caldeira—Legget model to an environment with continuous degrees of freedom
by a coupling similar to the coupling between a charged particle and the electro-
magnetic field known as minimal coupling. In Sections 2, the idea of a minimal
coupling is introduced and the quantum dynamics of a damped vibrating string as
the simplest scalar field theory, is investigated. In Section 3, quantum dynamics
of the string and it’s environment is investigated. In Section 4 some transition
probabilities indicating the way dissipation flows, are obtained.

2. QUANTUM DYNAMICS OF A DAMPED VIBRATING STRING

In this section we consider a damped vibrating string as the dissipative
system although the method is general and can be applied to a general scalar field.
Quantum mechanics of a damped vibrating string with mass density A, tension p
and length L, can be investigated by introducing a reservoir or an environment that
interacts with the string through a new kind of minimal coupling. Let the two ends
of the string be fixed in x = 0 and x = L respectively and vibration be only in
the y direction. If ¥ (x, ) is the wave function of the string, to quantizing v (x, t),
we assume ¥ (x, t) to be a hermitian operator and can be expanded in terms of
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orthogonal functions, sin =7 as follows

=Y a0+ aforsin ", (12)
= Liw, L

where w, = \/; “T and a, and an are annihilation and creation operator of the

string respectively and satisfy in any instance of time the following commutation
rule

[a, (1), al ()] = Sum, (13)

By definition of a conjugate canonical momentum density as

(o]
Ty ) =1y
n=1
then from (13) v, my, satisfy equal time commutation relation

[V (x, 1), my(x', )] = i8(x — x'). (15)

Hamiltonian of string is defined by

H / dx (— + = /»“/f ) = ;wn <a2an + %) (16)

Let the total Hamiultonian, i.e., string plus environment be like this

_ 2
H(t):/ (my (x, t)nR(x 1)) W . H,, (17
0

‘L"" [a () — an(r)] sin =~ (14)

where 1, denotes derivative with respect to x and w is a constant depending on
string properties, Hp is the reservoir Hamiltonian

e +00 1 N
Hp(t)=Y / &Pk <bzg(t)bn,;(t) + 5) , wp =k (18)
n=1"Y "%

Annihilation and creation operators b,;, bi/?’ in any instant of time, satisfy the
following commutation relations

[b,i (), b! ()] = 8umd(k — k'), (19)

and we will show later in Section 3 that reservoir is an infinite number of indepen-
dent Klein—Gordon equations with a source term. Operator R(x, t) have the basic
role in interaction between string and reservoir and is defined by

= oo 3 * 1l . RaXx
Rxe,=Y / PR @b, (1) + [*@pbldlsin ==, (20)
n=1Y X
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let us call the function f(wy), the coupling function. Using (15), it can be shown
easily that Heisenberg equation for ¥ (x, t) and my (x, t) leads to

i . Nw—R
Vi, 0 = ilH, y(x, 0] = =—

f[l//(x9 t)=i[H, 7T¢(x, D] = i,

9

2

which after eleminating 7y, gives the following equation for the damped vibrating
string

M — e = —R(x, 1). (22)

Using (19) the Heisenberg equation for b, ;, is

!/

dx’, (23)

L
b= i[H, b ] = —iwgh : +if*(@p) f V(' 1) sin 2
0

with the following formal solution

/

dx’,

t L

b (D) = br(O)e " + if*(wp) / di'e =) / P, 1) sin
0 0

(24)

substituting b,;(t) from (24) into (22), using the relation §(x —x) =

7 Z _ sin 7= sin 7= and at last integrating over x’ gives

M — s + /0 i G, 1yt — 1) = E(x. 1),

. e 3 —iw;t % T jwity . TTX
E(x,t) = l/ d ko[ f(wp)b,;(0)e™ " — f (a),;)bn]z(O)e ] sin 7

y(t) = 4L f day| f ()2 cos wxt, (25)
0

it is clear that the expectation value of £(x, ¢) in any eigenstate of Hp, is zero. For
the following special choice of coupling function

flop) = /#, (26)
k

Equation (25) takes the form

Mﬂ - MV/xx + ,BV/ = g(x’ t),

B +00 d3k ) )
E(x, 1) = i,/i2 / L b, 10 — bl () sin o, (27)
Am2Ll J_ oo /O nk L



38 Kheirandish and Amooshahi

Heisenberg equation for a, and ay is

Gntdn _ ;[P0 o Y Bk wnb - ()b
A/ L)\,(,()n =! a(a" o an) o X\/_ [f(a)k) nk(t) + f (a)k) n]‘(’(t)]v

)\,Cl)n (an + an)
i —a,) = —\w 2— 28
VI —(a! )= " il (23)
Definition A,, = f/"z%' and B, =i m" (an — a,) and using (26), we can easily
obtain

An + w,%An + gAn = 4, (1),

Gn(t) =i / /+Oo <k (b, (e — bT(0)e™] (29)
" Var2a2L | ap ™ k ’

with the following solution

An(t) = e~ 5 (Epe ™ + Foe™ ™) + M, (1),

+oo (0) )
M ) = nk —iwjt
) = l/ ”47_[2)L2Lwﬁ |: —a)a—lﬂwke

1
_ bn/E(O) eiw,;l:| ,

2?4 By
w, — 0r + Fop

(30)

where Q, = /w2 — fTZZ. Operators E, and F,, are specified by initial conditions

E, + F, = A,(0) — M,(0),
L rie)E - (L i) b =40 -m0. 6D
2 2

solving above equations and substituting E,, and ﬁn in (30) one obtains

Aty =e % {An(O) cos Q,t + P  A,0)sinQ,r — BM,(0)

sin ,,¢
2).9 ZA-Q]’[
A,(0) — M, (0
— M, (0)cos Q,t + % n t} + M, (t). (32)
n

It is clear from (28) that A,(0) is dependent on string and reservoir operators in
t = 0. Substituting A, (¢) from (32) in (24) we can find a stable solution for b, ;(7)
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int — oo as

) L —iwgt
by (®) = b —i |2 o = :

{w; A,(0) — w; M, (0) + iwp (A, (0) — Mn<0))}

(wp—w;t)

N iﬁ /‘+oo d3k, — bnE’(O) sin —* 5 k te—i(m;:m,;,)r
—_— A - ——
2 2 B . (wp—wy)
872 /wz —o0 W, —WF, — FTOL —5H

(33)

T . (wptoy)
bn[;’ (O) Sin %l‘ l(wk" —opt
2
> 2 iB (wptwp) ’
W —wp o op

now substituting b,;(¢) from (33) in (28) and using (32), one can obtain operator

B.(1)
+oo
B, (t)-xAn<r>+Z / P iR SCD

A vector in fock space of string can be written like this

|<1>>S—Z Z Py ln1)s ® -+ @ In ) (35)

where |n); denotes the state of a single particle in mode n, with corresponding
wave function (x|n) = \/z sin m . Operators a,(0) and a, (O) act on basis vectors
1) @ - @ nj)s = |0y, ..., nj)s as follows
J
amO)ny, . nj)e = Spmlnrs e )
r=1

al O)ny, ..., nj) = |m,ny,....n;), (36)

also a vector in fock space of reservoir can be written as

X ki, vi)p @ ® [kj, vj)5. 37)

In subsequent section we show that reservoir is infinite number of independent
Klein—Gordon fields and we can interpret |k v) g as a single particle state belong
to vth Klein—Gordon field with corresponding momentum, k. Operators b,,;(0) and
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bié(O) act on basis vectors |k, vi)p ® - - ® |k;, vj)p = ki, vi, ..., kj, vj)p as

bugO)Ky, v1, ... Kk, v) 5
J

= Z(gnvrs(c_i - kr)|k1s Vi, .. -krflv Vr—1, kr+lv Vrgls -vns kj» Vj)B»

>

b Ok, i, kg v)s = 1G,m, K, v,k v) . (38)

If the state of system in ¢ =0 is taken to be [(0)) =(0)p ® |my,...m,)s
where |0)p is vacuum state of reservoir and |my,...m,); an excited state of
the Hamiltonian H; then by making use of (32), (33), and (34) it can be shown that

L 1. 1
hmt»oo[3<0| & s(ml’-nsmrl :/ dx I:E)”/fz—i_ EHW)?]
0

: |m17"'smr)s ® |0>B] :07

oo
lim; s o0 |:B(O| ® s{my,...,m,|: anai(t)an(t) tmy, .o, my)s ® |O)B:|

n=1

2
oo 2 4 +00 ixt
L d
— limt—>oo{ Z '3_620" f x
— 16720 00 xa)z—x2+l cx
2 el
X o{m,, ... :AZ(0) : S M) Y — —_—. 39
(mpomy| 2 AZO) < |mi, . my) } 7 2 o (39)
where :  : denotes the normal ordering operator. Now by substituting b,;(¢) from

(33) into (18), we have

00
lim, [B<0|® sy, my| /d%Zw,;bIEbn,; Cmy, o) ® |0>B}
n=1

27'[)\, m[\/‘ wz — x2 +§_§x2’

m;

. 40
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3. QUANTUM FIELD OF RESERVOIR

Let us define the operators Y, (X, t) and I1,,(¥, t) as follows
+00 d%

w 21 w;

-
M,G.1) =i / b s (e — b0, @)

then using commutation relations (19), one can show that Y, (X, ¢) and IT,,(X, t),
satisfy the equal time commutation relations

VE D= [ e (b0 b1,

[Va(%, 1), Ty (X', )] = i8,m8(F — X), (42)
furthermore by substituting b,;(¢) from ( 24) in (41) we obtain
oTl, (X, ¢t . -
% = V2Y, + LA,()P(%),
+00 % T3
P()?):Re/ d’k fwp)e ™",
- 2(2 )3 @k

+o0 -
Hn(},t)zaai" Q(})ZIm/ P RAC N

V223w
43)
so for any n, Y,(X,t) satisfies the following source included Klein—-Gordon

equation

9°Y,

-7 V%Y, = LA, (1) Q%) + 2A,(t)P(X), (44)
with the corresponding Lagrangian density as follows
£, = L (s ’ Loy VY, — LA, 0 (45)
n — 2 at 2 n- X n

Itis clear that the reservoir is made by an infinite number of massless Klein—-Gordon
fields containing the source term 24, Q(X) + 2A, P(X). Hamiltonian density for
(44) is

(I, + LA, Q)2

N, = e |vy| — LA, P(X)Y,, (46)

and Equations (43) are Heisenberg equatlons for fields Y, and IT,. If we obtain
b, and bjﬂ; from (41) in terms of Y,, and I1, and substitute them in (18), we find

oo 3 n 1 l_[ﬁ I - ,
Hp = d’kop | b kbnk 3 = -5 + §|VYn| . 47
—o0
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4. TRANSITION PROBABILITIES

We can write the Hamiltonian (20) as

H==H,+H,
Hy = H; + Hp :Z(Cl a, + )C!),,-FZ'/ d3ka)k (ka nk )
n=l1
Lo my(x, 1) R*(x, 1)
H =— | dx=C2R(x,t -, 48
/0 X . (x,t)+ N (48)

and in interaction picture we can write

anl(t) = eiHO[an(O)eiiHnt = 6111(0)67[@"1’

b, (1) = €™'b 1 (0)e ™ " = b, (0)e ™, (49)

terms %rr,/, and 121; are of the first order and second order of damping respectively,
therefore for sufﬁciently weak damping, 5 R—z is small in comparison with Rn,,,

Furthermore, £ ﬁ has not any role in those transmon probabilities where initial and
final states of Hamiltonian of Vlbratmg string are different, hence we can neglect
the term and estimate H' by ——711/, Substituting a,; and b,;, from (49) into

—xnv,, one obtams H| in interaction picture, as

;L [, [T . oo
H,=—ﬁ; L /_oo d*k(f (@p)a} ()b, (0)e" "

+ [ (@al (b (00 0 — f(w)ayO)b,p(0)e "

— [ (@p)an(O)b! - (O)e! ), (50)

terms containing just a,(0)b,;(0) and a:[ (O)bIE(O) violate the conservation of en-
ergy in the first order perturbation, because a,(0)b,;(0) destroys an excited state of

string while at the same time destroying a reservoir excitation state and a, (O)bJr )
creates an excited state of vibrating string, while creating an excited reservmr
state at the same time, therefore we neglect the terms involving a,(0)b,;(0) and

a,,T (O)bl];(O), because of energy conservation and estimate H; by

, iDL oo 3 i T
Hi=5\5 2 [, SR/l ea b

— [ (@p)an(0)b! (0~ @], (51)
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The time evolution of density operator in interaction picture is as follows (Scully
and Zubairy, 1997)

pi(t) = U, 19)p1 (1)U} (1, 10), (52)
where U is the time evolution operator, which in first order perturbation is
t
Uit,tp=0) =1 —i/ dtlHI/(tl)
0

i(wp —w7p)t

1 /L [+ ad (on—og
=1- 5\/;/_00 d%;\/w_n[f(w,;)ai(O)bn,;(O)e z

—iln—opx | SIN Mr
— H(@)anOb (O T ] —L (53)
Let p;(0) =1|m,...,m); "(m,...,m|®[0)p (0] where |0)p is the vacuum
state of reservoir and |m, ..., m)} is an excited state of vibrating string, from
now on by |m, ..., m)!, we mean a string state containing r phonons of mode m,

substituting U, (¢, 0) from (53) in (52) and taking trace over reservoir parameters,
we obtain

ps1(t) 1 =Trg(pr () = |m, ..., m)y t(m, ..., m|
2 (05— wm>t

)

rLwy,

+4A

+00
s oy, m|/ & pl Flop)P

(w,,ga)m )2
(54)

where we have used the formula TrB[ll_é, n)g B(/?, s/l = 8,”5(12 — l;/). In large
time approximation, we can write sin’ wt/(@)2 = 2718(wj — W),
which leads to the following relation for density matrix

2L712a),3nrt|f(wm)|2

psi(t) =1|m,...,m); "(m,....m|+ .
x|m,...,m)=" T lm, o ml, (55)
from density matrix we can calculate the probability of transition |m, ..., m); —
Im,...,m)"~"as
ity = Trllm, o om) ™ T m, o mp(0)]

el e 2an2w,?;lrt| (wm)|?
=Trgllm, ..., m);~" "N m, . omlp ()] = - ! . (56)
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where Try; means taking trace over string eigenstates. For the special choice (26),
above transition probability becomes

rBt
[m,....m)t—|m,...m)5~ a’ (57)

which shows that the rate of phonon number reduction (energy flow), is constant.
Now consider the case where the reservoir is an excited state in # = 0 for example
pi1(0)=1|m, -, m)? g(m, e,m|® |1v|,[3| , 1V2,ﬁ2a ceey lvj,[?j)B B<1u|,13|v 11)2,[32»

> 1y, 5, | where | Pisvi...D i, Vj) g denotes a reservoir state containing j quanta
with momenta py, ..., p; belonging to the vy,v,,...,v;th, Klein—-Gordon field,
respectively then by making use of

TTB[b::,ﬂﬁl, Vi...Dj Vi) B(P1, V... D Vjlbi] = 8umd(k — k'),
TrB[bnﬂﬁl, Vi.. .ﬁj, l)j)B B(ﬁl, V. ..ﬁj, vj|b;k-’]

J
= b bmud& — PO — po), (58)
=1

form # vy ---v;, we find

r.r

psi(t) =|m,---,m)y (m,---,m|+

rLw,,

+oo . 2 (wp—wp)

=1 r—1 Bk ST —5—1

lm,---,m)y™ " {m,---,m| | fop)| —————
—0Q

4 wg=on \?
(%)
L J ) (w,:,—wu,.)t
+a Zwvrlvr)s®|ma""m>; .Y<Ur|® ';<m”m||f(wﬁr)|2wﬁ,——a)iz
r=1 ('—7?—‘)
(59)

which gives the transition probability for |m,...,m). — |m,..., m) "' and

s s

lm,...,m), — |v,m, ..., m);, respectively, as follows

2712La) Tt s
Iﬂ\m,...,m)l’~>|m ..... myi~t = |f( m)l
7 Loy| f(@,)P1 &
F\m ..... m)r—v)®|m,....m); = T 2_1: (Su,v,.(s((l),;r — (J)U). (60)
For the choice (26), we find
rpt

r

Im)y— e}y T
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Bt
Flm,---,m)g—ﬁv)s e

Q|m,-,m); — W ;av,v,8(wﬁ, - a)v) (61)
Another important case is when the reservoir has a Maxwell-Boltzman
distribution, so let p;(0) =|m,...,m); "(m

—Hp

T m,...,m|®p} where pk =
e’T / T Rg(e®7 ), then by making use of following relations
Trs[b,iphby,e] = Trslb ppb' .1=0,

Sumd(k — k')
T"B[bnk/of:bT ==

exr — 1

Trp[blphb,p] = Sund(k — k)

)

S

k“&

e
o , (62)
7](
exr — 1
we can obtain the density operator p,;(?) in interaction picture as
;Osl(t) == Trglo/®)] = |m

...’m>; ;(m’...’m|
an{ln

m)s s(nl g(m, -
n;ém

400 2 in2 @Wi—wy)

w7y sin® ———-t

x/ d3k|fwg D)l 2
—0o0

}
exr — 1 (wz—wn)z
2

* eKT —1
r+ 1)Low,
L4 DLo,

2
W —wn
(—2 )
1 ]
4 |m1 "'1m)r+ r+

- /+°° sy | (pl? sin? 252
s

2
eKT —1 Wp—Wp
2
approximation

(63)
which accordingly gives the following transition probabilities in long time

'1m|

2712La)mr|f(a),,1)|2 exT
[m, e m)e—m, - m) = X e% _ 1,
212 Lojt| f (@)
D cmiy— )@l ey = )»(e% R v#Em

(r+ 1)27{2La)3 t|f(a)m)|2
T lmeem)st =

om

MeRi — 1)

(64)
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substituting (26) in these recent relations, we find

rpt exT
r . = —
[m,-,m)i—|m,--,m)g N e% _ 1’
Bt
i emly = ), @pm ey = Merr — 1) v
(r+ DBt
Eimcemits eyt = 5 a5 ©

So in very low temperatures the energy flows from oscillator to the reservoir by
the rate % and no energy flows from reservoir to oscillator.

5. CONCLUDING REMARKS

The Caldeira—Legget model generalized to the case where the environment
has continuous degrees of freedom, for example, a Klein—Gordon field or an
infinite number of Klein—Gordon fields. A minimal coupling method introduced
which leads to a consistent investigation of the quantum dynamics of a large class
of quantum dissipative systems. By choosing different coupling functions in (20),
we could investigate another forms of dissipation. The rate of energy dissipation
(energy flowing between the system and it’s environment), was a constant. This
problem can be extended to the case where the field R, becomes a general field
for example a vector field, which is suitable for investigating three-dimensional
quantum dissipative models.
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